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Mustafa,(2004) generalized the concept of metric spacesby introducing G-metric spacesand proved fixed 
point theorems for maps satisfying different contractive conditions[see 
Mustafa,(2004),(2006),(2008),(2009),(2010)]. In this article, we introduce the notion of w-compatible maps, b-
coupled coincidence points and b-common coupled fixed points for non self maps and obtain fixed point 
results using these new notions in G-metric spaces. It is worth to mention that our results neither rely on 
completeness of the space nor the continuity of any mappings involved therein. Also, relevant examples 
have been cited to illustrate the effectiveness of our results. As an application,we demonstrate the 
existence of solution of system of nonlinear integral equations. 
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INTRODUCTION 
 
Mustafa, (2004) introduced the concept ofG-metric spaces  as a generalization of the metric spaces. In this type of 
space a non-negative real number is assigned to every triplet of elements. After the establishment of Banachcontraction 
principle by Mustafa et al.,(2008),several fixed point results have been proved in this space. Some of these works may 
be noted  [see Mustafa,(2004),(2006),(2008),(2009),(2010)]. 

Coupled fixed point problems belong to a category of problems in fixed point theory in which much interest has been 
generated recently after the publication of a coupled contraction theorem by Bhaskar andLakshmikantham, (2006).  One 
of the reasons for this interest is the application of these results for proving the existence and uniqueness of the solution 
of differentialequations, integral equations, Voltera integral and Fredholmintegral equations, and boundary value 
problems. For comprehensive description of such work, we refer to [Aydi, Samet and Vetro, (2011),Rao, Altun 
andBindu,(2011),Sumitra et.al,(2012-2013),Bhaskar andLakshmikantham, (2006) and Shatanawi, (2011)].  

Jungck[(1976), (1986) ] introduced the concept of commuting and compatible maps in metric spaces. Later on, these 
concepts were exploited by many authors like Fisher, (1983), Singh and Jain, (2005), Aage and Salunke, (2012), 
Jungck, (1976 and 1986), Aydi, Samet  andVetro, (2011), andAbbas, Nazir  andSaadati, (2011) etc.  
to prove a multitude of results of varied kind.In 2012, we established the notion of weakly compatible for coupled maps 
and proved coupled coincidence and coupled fixed point results and for our work we refer to Sumitra et.al,(2012-2013). 

The intent of this paper is to introduce the concept of w-compatible maps, b-coupled coincidence points and b-
common coupled fixed points for non self maps and obtain fixed point results using these new notions in symmetricG-
metric spaces. 
 
 
Preliminaries 
 
Now, we give some preliminaries and basic definitions which are used throughout the paper. Mustafa et al, 
(2004)introduced the concept of G-metric spaces as follows:  
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Definition 2.1 
 
Let X be a nonempty set and G: X × X × X   R

+
be a function satisfying the following properties: 

(G1)  G(x, y, z) = 0 if x = y = z,   
(G2)  0 < G(x, x, y),  x, y  X with x ≠ y,  

(G3)  G (x, x, y) ≤ G (x, y, z),  x, y, z  X with z ≠ y, 
(G4)  G(x, y, z) = G(x, z, y) = G(y, z, x) =…… (symmetry in all three variables), 
(G5)  G(x, y, z) ≤ G(x, a, a) + G(a, y, z),  x, y, z, a   X, (rectangle inequality).  
The function G is called a generalized metric or, more specifically, a G-metric on X andpair  
(X, G) is called a G-metric space.  
If condition (G6) is also satisfied then(X, G) is called symmetric G-metric space. 

(G6) ( , , ) ( , , ),G x x y G x y y   x, y   X. 

For more details on G-metric spaces, we refer the readers  [ Mustafa,(2004),(2006),(2008),(2009),(2010)]. 
 
Definition 2.2 
 

Let (X, G) be a G-metric space.  A point  x  X is called a coincidence pointof self-mapsf  and   g  on X  if  f(x) = g(x). In 
this case, w = f(x) = g(x) is called a point of coincidence of f and g. 
 
Definition 2.3 
 
Apair of self maps (f, g) of a G-metric space (X, G) is said to be weakly compatible if they commute at the coincidence 
points; 
i.e., if f(u) = g(u) for some u in X, then (fg)(u) = (gf)(u). Here fg is the composition operator, i.e. f(g(u))=g(f(u)). 
 
Definition 2.4. 
 
An element (x, y)  X   X is called a coupled fixed point of the mapping 
f: X   X   X if 
f(x, y) = x, f(y, x) = y. 
 
Definition 2.5 

An element (x, y)   X   X is called a coupled coincidence point of the mappings f: X   X   X and g: X   X if 
f(x, y) = g(x), f(y, x) = g(y). 
 
Definition 2.6 
 

An element (x, y)   X   X is called  
(i) a common coupled fixed point of the maps f: X   X   X and g: X   X if 
         x = f(x, y) = g(x), y = f(y, x) = g(y). 
(ii)a common fixed point of the maps  f: X   X   X and g: X   X if 
                                         x = f(x, x) = g(x). 
Definition 2.7. 
 

The mapsf: X   X   X and g: X   X are said to be w-compatible if  ( ( , )) ( ( ), ( ))g f x y f g x g y  whenever 

( , ) ( )f x y g x  and ( ( , )) (g(y),g(x))g f y x f  whenever ( , ) ( ).f y x g y  

Example 1.Let X = R  andf: X   X   X and g: X   X be  maps defined as 
2 2( , ) , ( ) 2f x y x y g x x   , then (1,1) and ( 0,0 ) are coupled coincidence point of  f and g  but the maps  are not w-

compatible as (1,1) (2) 4 ( (1), (1)) (2,2) 8.gf g f g g f      

Example 2.LetX = R andf: X   X   X and g: X   X bemaps defined as  

( , ) 3 2 6, ( )f x y x y g x x     , then (1,2) and (2,1) are  coupled coincidence point of  f and g as (1,2) 1 (1)f g   

and (2,1) 2 (2).f g   

Also, ( , ) (3 2 6) 3 2 6 ( ( ), ( )) ( , )gf x y g x y x y f g x g y f x y        , which shows that f and g are  w-compatible. 

Now, we establish some new definitions for the development of our article: 
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Definition 2.8 
 

An element (x, y)   X   X is called a b-coupled coincidence point of the maps 
F, g: X   X  X  if 
f(x, y) = g(x,y), f(y, x) = g(y,x). 
 
Definition 2.9 

An element (x, y)   X   X is called a b-common coupled fixed point of the mapsf, g : X   X   X  if 
x= f(x, y) = g(x,y), y= f(y, x) = g(y,x). 
 

Example 3.Let  X = R  and  f,  g : X   X   X  be  maps defined as  

( , ) 3 2 1, ( , ) 2 3 2,f x y x y g x y x y      then 

(1,0) 4 (1,0)f g  and (0,1) 1 (0,1).f g    

Hence (1, 0) is a b-coupled coincidence point of  f and g and (4,-1) is a b-coupled point of coincidence. 
Example 4.Let  X = R and  f, g : X   X   X  be  maps defined as  

2, 2 1,
( , ) , ( , ) ,

1, 2 5,

x y x y x y x y
f x y g x y

x y x y y x x y

        
    

        
then 

(1,2) 1 (1,2)f g  and (2,1) 2 (2,1).f g   

Hence (1,2) is a b-common coupled fixed point of  f and g. 
 
Definition 2.10. 
 
The mapsf,g : X   X   X  are called w-compatible if  

( ( , ), ( , )) ( ( , ), ( , ))f g x y g y x g f x y f y x Wheneverf(x, y) = g(x,y)  and f(y, x) = g(y,x). 

Example 5.Let X = R  andf, g : X   X   X  be  maps defined as  

( , ) , ( , )f x y x y g x y x y    , then (x,y) is a b-coupled coincidence  point of  f and  g  if and only if x=y. Moreover, 

we have ( ( , ), ( , )) ( ( , ), ( , )),f g x x g x x g f x x f x x x X   and hence f and g are w-compatible. 

 
 
MAIN RESULTS  
 

Theorem 3.1.Let (X, G) be a symmetric G-metric spaceandA, B:X  X  X be maps satisfying the following conditions: 

(3.1) A(X   X)   B(X   X). 

(3.2)  ( , ), ( , )B x y B y x  is a complete subspace of ,X X x,y  X.

   (3.3) ( ( , ), ( , ), ( , )) ( , ), ( , ), ( , ) ( , ), ( , ), ( , )G A x y A u v A u v G A x y B u v B u v G B x y A u v A u v   
 

   ( , ), ( , ), ( , ) ( , ), ( , ), ( , ) ,G B x y B u v B u v G A u v B x y B x y   

, , , , , , , 0x y u v X       and 2 2 1       .  

Then A and B have a b-coupled coincidence point  ,x y X X   i. e ( , ) ( , )A x y B x y and ( , ) ( , ).A y x B y x  

Moreover, if the pair (A, B) isw-compatible, then there exists unique x in X such that  
A(x, x) = B(x, x). 

Proof:Let x0, y0 be two arbitrary points in X. Since A(X   X)  B(X   X), we can construct two sequences {  } and {  } in 
X such that 

   = A(   ,    )  =  B(           )  and  2nt  = A          )  =  B(           ), for all  

n  0. 

Step 1.We first show that  nz  and nt  are Cauchy sequences. Using (3.3),

2 2 1 2 1 2 2 2 1 2 1 2 1 2 1( , , ) ( ( , ), ( , ), ( , ))n n n n n n n n nG z z z G A x y A x y A x y       

 2 2 2 1 2 1 2 1 2 1( , ), ( , ), ( , )n n n n n nG A x y B x y B x y      
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 2 2 2 1 2 1 2 1 2 1( , ), ( , ), ( , )n n n n n nG B x y A x y A x y      

 2 2 2 1 2 1 2 1 2 1( , ), ( , ), ( , )n n n n n nG B x y B x y B x y      

 2 1 2 1 2 2 2 2( , ), ( , ), ( , )n n n n n nG A x y B x y B x y    

2 2 2 2 1 2 1 2 1( , , ) ( , , )n n n n n nG z z z G z z z       

2 1 2 2 2 1 2 1 2 1( , , ) ( , , )n n n n n nG z z z G z z z       

2 1 2 2 2 2 1 2 10 ( , , ) ( , , )n n n n n nG z z z G z z z       

2 1 2 2 2 1 2 2 2 2 1 2 1( , , ) ( , , ) ( , , )n n n n n n n n nG z z z G z z z G z z z         

i.e.    2 2 1 2 1 2 1 2 21 ( , , ) ( , , )n n n n n nG z z z G z z z            

2 2 1 2 1 2 1 2 2( , , ) ( , , ),n n n n n nG z z z kG z z z   
 

 
.

1
k

  

 

 


 
 

Similarly, we can have  2 1 2 2 2 2 2 2 1 2 1( , , ) ( , , ).n n n n n nG z z z kG z z z      

In general, 
2

1 1 1 2 1 1 0 1 1( , , ) ( , , ) ( , , )..... ( , , )n

n n n n n n n n nG z z z kG z z z k G z z z k G z z z       . 

Therefore,  for all , ,n m N n m 1 1 1 2 2 1( , , ) ( , , ) ( , , ) ..... ( , , )n m m n n n n n n m m mG z z z G z z z G z z z G z z z         

 1 2 1

0 1 1..... ( , , ).n n n mk k k k G z z z      

Thus, ( , , ) 0n m mG z z z  as , ,n m similarly, we can show that ( , , ) 0m n nG z z z   as ,n m and hence   nz  

is a Cauchy sequence in X . Similarly, we can show that  nt is a Cauchy sequence.On theother hand, we have 

     , ( , ), ( , ) ( , ), ( , ); ,n n n n n nz t B x y B y x B x y B y x x y X   is a complete subspace of  X X , so 

   , ( , ), ( , ); ,z t B x y y x x y X   such that  ( , ) ( , ).n nG z t G z t This implies that   , , ( , )x y y x X X   such 

that ( , )z B x y  and  ( , )t B y x  with ( , )nz z B x y   and   ( , )nt t B y x  as .n From (3.3), we  have 

   , ( , ), ( , ) ( , ), ( , ), ( , )n n nG z A x y A x y G A x y A x y A x y  

   ( , ), ( , ), ( , ) ( , ), ( , ), ( , )n n n nG A x y B x y B x y G B x y A x y A x y   

   ( , ), ( , ), ( , ) ( , ), ( , ), ( , ) .n n n n n nG B x y B x y B x y G A x y B x y B x y    

As  n ,  

     , ( , ), ( , ) , ( , ), ( , ) , ( , ), ( , )G z A x y A x y G z B x y B x y G z A x y A x y    

   , ( , ), ( , ) ( , ), , .G z B x y B x y G A x y z z    

     ( , ), ( , ), ( , ) ( , ), ( , ), ( , ) ( , ), ( , ), ( , )G B x y A x y A x y G B x y B x y B x y G B x y A x y A x y     

   ( , ), ( , ), ( , ) ( , ), ( , ), ( , ) .G B x y B x y B x y G A x y B x y B x y    

     

 
 

 

1 ( , ), ( , ), ( , ) ( , ), ( , ), ( , ) .

( , ), ( , ), ( , ) ( , ), ( , ), ( , ) .
1

G B x y A x y A x y G A x y B x y B x y

G B x y A x y A x y G A x y B x y B x y

 





  

 


     ( , ), ( , ), ( , ) ( , ), ( , ), ( , ) ( , ), ( , ), ( , )G B x y A x y A x y qG A x y B x y B x y qG B x y A x y A x y   , 

where
 1

q






  and  hence  ( , ) ( , ).A x y B x y Similarly, we have ( , ) ( , )A y x B y x and hence (x, y)  is a 

coincidence point of the  maps A and  B. 

Step 2.Let the pair (A, B) be w-compatible and ( , ) ( , )A x y B x y and ( , ) ( , ),A y x B y x so  
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   ( , ), ( , ) ( , ), ( , ) ( , ) ( , )A B x y B y x B A x y A y x A z t B z t   and 

   ( , ), ( , ) ( , ), ( , ) ( , ) ( , ).A B y x B x y B A y x A x y A t z B t z    

 
Using (3.3), we have 

  ( , ), ( , ) , ( , ), ( , )n n n n n n n nG A B x y B y x A x y A x y  

  ( , ), ( , ) , ( , ), ( , )n n n n n n n nG A B x y B y x B x y B x y   ( , ), ( , ) , ( , ), ( , )n n n n n n n nG B B x y B y x A x y A x y  

  

    

( , ), ( , ) , ( , ), ( , )

( , ), ( , ), ( , ) , ( , ), ( , ) .

n n n n n n n n

n n n n n n n n n n

G B B x y B y x B x y B x y

G A x y B B x y B y x B B x y B y x









       ( , ), , ( , ), , ( , ), , ( , ), ,n n n n n n n n n n n n n n n nG A z t z z G A z t z z G B z t z z G B z t z z      

 , ( , ), ( , ) .n n n n nG z B z t B z t  

Taking ,n        ( , ), , ( , ), , ( , ), , ( , ), ,G A z t z z G A z t z z G A z t z z G A z t z z      

 , ( , ), ( , ) ,G z A z t B z t  

which yields, ( , ) ( , )A z t z B z t  . Similarly, we have  ( , ) ( , ).A t z t B t z   

Step 3.Now,weclaim z = t. Again from (3.3), we have  

             , , , , , , , , , ,n n n n n n n n n n n nG A x y A y x A y x G A x y B y x B y x  

      , , , , ,n n n n n nG B x y A y x A y x  

      , , , , ,n n n n n nG B x y B y x B y x  

      , , , , , .n n n n n nG A y x B x y B x y  

i.e.    , , ( ) , , .n n n n n nG z t t G z t t        

Taking ,n we  get  z = t and  hence the result follows.  

Example 6.Let X = R and G be the G-metric on X X X R   defined  as  ( , , ) .G x y z x y y z z x     

Then (X, G) is a G-metric space.Define the mappings , :A B X X X    as follows: 

 , , 0,1
( , ) 5

1,

x y
x y

A x y

otherwise

 
 

  
 
 

and
 , , 0,2

( , ) .
1,

x y x y
B x y

otherwise

   
  
    

Here, we see that      
1 1

, , , 2,2
5 5

A x y B x y
 

     
 

and       , , y, x 2,2B x y B    is complete subspace of 

,X X now from  (3.3), we have

 
  

1 1
( ( , ), ( , ), ( , )) 2 ( ( , ), ( , ), ( , )) ( ( , ), ( , ), ( , )),

5 5
G A x y A u v A u v x y u v G B x y B u v B u v G B x y B u v B u v     

proves contractive condition for 
1

0,
5

        and consequently,  A and B have a b-coupled coincidence point. 

In this case, for any  , 0,1 ,( , )x y x y  is a b-coupled coincidence pointif and only if x=y.  

Moreover, we have ( ( , ), ( , )) (0,0) 0 ( ( , ), ( , ))A B x y B y x A B A x y A y x   . 

Thus A and B are w-compatible, so by Theorem 3.1, we obtain the existence and uniqueness of b-common coupled 
fixed point of A and B and (0, 0)  is the unique b-common coupled fixed point. 
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Theorem3.2. Let (X, G) be a symmetric G-metric space andA:X  X   X and :S X X be  maps satisfying the 

following conditions: 

(3.4) A(X   X)   S(X). 

(3.5) ( )S X  is a complete subspace of .X  

(3.6)    ( ( , ), ( , ), ( , )) ( , ), , , ( , ), ( , )G A x y A u v A u v G A x y Su Su G Sx A u v A u v     

   , , ( , ), , ,G Sx Su Su G A u v Sx Sx   

, , , , , , , 0x y u v X       and  2 2 1       .Then  A and  S  have a b-coupled coincidence point 

 ,x y X X  i.e ( , )A x y Sx and  ( , ) .A y x Sy
 

Moreover, if the pair (A, S) isw-compatible, then there exists unique x in X such that  
A(x, x) =Sx. 

Proof:  Consider the map :B X X X  defined by ( , ) , , .B x y Sx x y X    

We will check that all the hypotheses of theorem 3.1are satisfied. 

(3.4) (3.1) as ( , ) ( , ) ( , ), , .A x y Sx A x y B x y x y X      

Also, the weak compatibility of the pair (A, S) yieldsthe w-compatibility of (A, B).The conditions(3.5) and (3.6) imply 
conditions (3.2) and(3.3) and so all the hypotheses of Theorem 3.1 are satisfied and hencethe maps A and S have a 
unique fixed point. 
Theorem 3.3. Let (X, G) be a symmetric G-metric spacesandP, S : X   X  be the maps satisfying the following 
conditions: 

(3.7) P(X)   S(X). 

(3.8) ( )S X  is a complete subspace of .X  

(3.9)        ( , , ) , , , , , , , ,G Px Py Py G Px Sy Sy G Sx Py Py G Sx Sy Sy G Py Sx Sx      
 

, , , , , , , 0x y u v X       and 2 2 1       .Then  P and  S  have a b-coupled coincidence point 

 ,x y X X  i. e ( , )P x y Sx and ( , ) .P y x Sy
 

Moreover,  if the pair (P, S) isw-compatible, then there exists unique x in X such that  
Px  =Sx. 

Proof:  Consider the mapsA, B: X X  X defined by    

( , )A x y Px and ( , ) , , .B x y Sx x y X    

We will check that all the hypotheses of Theorem 3.1 are satisfied. 

(3.7) (3.1) as ( , ) ( , ), , .Px Sx A x y B x y x y X      

Also, the w-compatibility of the pair (P, S) yieldsthe  w-compatibility of  (A, S). The  conditions  (3.8)  and  (3.9) imply 
conditions (3.2)  and (3.3)  and  so all the hypotheses of Theorem 3.1are satisfied and  hence the maps P  and S  have 
a unique  fixed point. 
 
 
APPLICATION  
 
In this section, we study the existence of solutions of a system of nonlinear integral equations using the results proved in 
section 3. 
Consider the following system of integral equations: 

 

 

1

1

0

1

1

0

( ), y( ) ( , , ( ), y( )) ( ),

y( ), x( ) ( , , y( ), x( )) ( ),

P x t t K t s x s s ds g t

P t t K t s s s ds g t

 

 





where [0,1].t                                          (1) 

Let   0,1 , ,X C R  be the set of continuous functions defined on  0,1  endowed with G-metric 

                 0,1 0,1 0,1
( , , ) sup sup sup .

t t t
G x y z x t y t y t z t z t x t

  
       

(Here, x, y, z are continuous functions).
 



043       Afr. J. Math. Math. Sci. 
 
 
 
Then (X, G) is a G-metric space. 
Consider the following hypotheses hold: 

(4.1)    1 2, : 0,1 0,1K K R R   and :g R R are continuous functions. 

(i) For  each  , 0,1t s  

   
1

1 2 1

0

, , ( ), y( ) , , , , ( ), y( ) ( ) ,K t s x s s K t s K s x d g s   
 

  
 

  

 
1

2 1 2

0

, , ( ), y( ) , , ( , , ( ), y( ) ( ) .K t s x s s K t s K s x d g s   
 

  
 


 

(ii)        1 1 2 2

1
, , ( ), y( ) , ,u( ), v( ) , , x( ), y( ) , ,u( ), v( ) , 1.K t s x t t K t s t t K t s t t K t s t t 


     

(4.2)         : 0,1 , 0,1 , 0,1 ,S C R C R C R   is a mapping satisfying  

        (i)     For all   , 0,1 , ,x y C R there exist   u,v 0,1 ,C R  such that  

 
1

2

0

( ), y( ) ( , , ( ), y( )) ( ),S x t t K t s x s s ds g t   

 
1

2

0

y( ), x( ) ( , , y( ), x( )) ( ),S t t K t s s s ds g t  for all  0,1 .t  

(ii) The set        , , y, x , , 0,1 ,RS x y S x y C is closed. 

Remark: The above relations between       is satisfied  for all functions u   0,1 ,R .C  

Now, we can formulate our result. 
Theorem 4.1. Under hypotheses (4.1) and (4.2), system of non-linear integral equations (1) has at least one solution in 

  0,1 ,R .C  

Proof:   Define  P: X X X   by   

 
1

1

0

( ), y( ) ( , , ( ), y( )) ( ),P x t t K t s x s s ds g t   

 
1

1

0

y( ), x( ) ( , , y( ), x( )) ( ).P t t K t s s s ds g t   

It is obvious that (x, y) is a solution of (1) if and only if (x, y) is a b-coupled fixed point of maps P and S. To establish the 
existence of such point, we will use Theorem 3.1. For this let us check all the hypotheses of Theorem 3.1. 

Hypotheses (3.1) and (3.2) follow directly from assumption (4.2). For (3.3), we see that for all  , , , , t 0,1 ,x y u v X   

we have 

      

      0,1

( ), y( ) , u( ), v( ) , u( ), v( )

2sup ( ), y( ) u( ), v( )
t

G P x t t P t t P t t

P x t t P t t
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1

1 10,1

0

2 20,1

2sup ( , , ( ), y( ) ( , , u( ), v( )

2
sup ( , , ( ), y( ) ( , , u( ), v( )

1
( ( ), y( ) , u( ), v( ) , u( ), v( ) ), 1.

t

b

t

a

K t s x s s K t s s s ds

K t s x s s K t s s s ds

G S x t t S t t S t t










 

 

 



  

 x, y   X  and  the condition  (3.3) of Theorem 3.1  is satisfied  for 
1

0,   


    . 

Also, 

 
1

1

0

( ), y( ) ( , , ( ), y( )) ( )P x t t K t s x s s ds g t   

  =

1 1

2 1

0 0
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Thus,    ( ), y( ) ( ), y( )PS x t t SP x t t  whenever    ( ), y( ) ( ), y( ) .P x t t S x t t Therefore, the pair  

( P, S)  is w-compatible. Thus all the conditions of our Theorem 3.1 are satisfied  and hence the conclusion follows. 
 
 
Remark 
 
Our work sets analogues, unifies, generalizes, extends and improves several well  known results existing in literature, in 
particular the recent  results of  [1-5, 8-10, 20-21]  etc. in the frame work of G-metric spaces as the notion of w-
compatible is more general than commuting, weakly commuting and compatible maps. Our Theorems 3.1, 3.2 and 3.3 
have been proved by assuming much weaker condition than in analogous results. The results concerning commuting, 
weakly commuting and compatible maps being extendable in the spirit of our theorems, can be extended verbatim by 
simply using wider class of w-compatibly in place of commuting, weakly commuting and compatibility maps. Moreover, 
our results don’t need the maps to be continuous.For example, our Theorem3.3 generalizes and extends the following 
theorem. 
 

Theorem3.1[10]. Let (X, G) be a G-metric space. Let , :T g X X be two maps such that  

   G , , G ,g ,g ,Tx Ty Tz k gx y z  

for all x,y,z. Assume that T and g satisfy the following conditions: 

(A1) Tx gx . 

(A2) gx  is G-complete. 

(A3) g is G-continuous and commutes with T. 
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if  0,1 ,k  then there is a unique x X such that gx Tx x  . 
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