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INTRODUCTION

Mustafa and Sims (2006) introduced a new notion of generalized metric space denoted G-metric space [11], a
generalization of the metric space (X, d), to develop and a new fixed point theory for a variety of mappings and to
extend known metric space theorems to a more general setting. Subsequently several fixed point results were
proven in these spaces [1,2,12,13,14,15].

We present now the necessary definitions and results in G - metric spaces, which will be useful for the rest.

Definition- 1 [11] Let X be a non- empty set and G: X x X x X - R* be a function satisfying the following
properties:

i. Gx,y,z) = 0ifx =y =

ii. 0 < G(x,x,y)forall x,ye Xwith x#vy,

iii. G, x,y) < G(x,y,z)forall x,y,z€e X with x # y,

iv. G(x,y,2z) = G(x,2,y) = G(y,z,x) =...(symmetry in all three variables),
V. G(x,y,2) < G(x,a,a) + G(a,y,2) for aII x,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric, or, more specially, a G — metric on X, and the pair (X,G) is
called a G- metric space.

Definition- 2 [11] Let (X,G) be a G- metric space, and let { x,, } be a sequence of points of X, therefore, we say
that { x,,} is G- convergentto x € X if limy,; 100 = G(X,Xp,%x,,) = 0, thatis, forany e > 0, there existsn € N
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such that G(x, x,, x,,) <e foralln,m = N.We call x the limit of the sequence and write x,, - x or lim,, ., X, = X.
Lemma-3 [11] Let (X,G) be a G- metric space. The following statements are equivalent:

i. {x,} is G- convergent to x,

ii. G(xp, Xp,x) > 0as n > +oo,

iii. G(xp,x,x) >0as n - +oo,

iv. G(xp, X, x) > 0as n,m > +oo,

Definition-4[11] Let (X, G) be a G- metric space. A sequence { x, } is called a G- Cauchy sequence if, for any ¢ > 0,
there exists n € N such that G(x,, x,, x;) <e forall n,m,l = N, thatis, G(x,,, x,,x;) = 0as n,m,l - +oo.
Lemma-5[11] Let (X,G) be a G- metric space. The following statements are equivalent:

i. The sequence { x,, } is G- Cauchy,

ii. forany € > 0, there exists n € N such that G(x,, x;,, x,) <€ forall m,n>= N.

Definition-6[11] A G- metric space (X, G) is called G- complete if every G- Cauchy sequence is G- convergent in
(X,G).

Every G- metric on X defines a metric d,; on X given by

d¢ = G(x,y,y)+ Gy, x,x) for allx,y € X.

Lemma -7[11] If X is a G - metric space, then G(x,y,y) = 2G(y,x,x) forall x,y € X.

Lemma-8 [11] If X is a G- metric space, then G(x,x,y) = G(x,x,z) + G(z,zy) forallx,y,z € X3.

In recent time, fixed point theory has been developed rapidly in partially ordered metric space. Bhaskar and
Lakshmikantham (2006)[5] introduced the concept of mixed monotone property. Furthermore, they proved some
coupled fixed point theorems for mapping which satisfy the mixed monotone property, and gave a beautiful
application in the existence of a solution for a periodic boundary value problem. This concept follows,

Definition-9 Let (X, <) is a partially ordered set and F : X x X — X. The mapping F is said to have the mixed
monotone property if F is nondecreasing monotone in its first argument and is a nonincreasing monotone in its
second argument, that is, for any x,y € X

X1, %5 € X, %1 < x3 = F(x1,y) < F(xy,9) 1.1)
and
Y1Y2 € X,y1 < ¥, - F(x,y) = F(x,y7) (1.2)

Lakshmikanthem and Ciric (2009) [9] generalized the concept of mixed monotone mapping and proved a common
coupled fixed point theorem using the following concept of mixed g- monotone mapping.
Definition-10 Let (X, <) is a partially ordered setand F : X x X — Xand g:X — X. The mapping F is said to have
the mixed g - monotone property if F is g - nondecreasing monotone in its first argument and is g - nonincreasing
monotone in its second argument, that is, for any x,y € X
x1'dx2 € Xﬂg(xl) < g(xz) - F(’ﬁ:)’) < F(xz:}’) (13)
an
y1,Y2 € X, gn) < g(v2) » F(x, 1) = F(x,y,) (1.4)
Definition — [10] reduces to Definition — [9] when g is the identity mapping.
Definition-11 Let X be a non empty set and F: X X X — X is said to be continuous if for any two G- convergent
sequences { x,, } and { y, } which converges to x and y respectively, { F(x,,y,) } is G- convergent to F(x, y).
Definition- 12 Let X be a non empty setand F: X x X - X and g: X — X two mappings. F and g are commutative
if

g(F(x,y) = F(g(x),g») Vxy€ X.
By using the concept of mixed monotone and mixed g- monotone mapping we prove a coupled fixed point theorem
which is generalization of many existing coupled fixed point results on G- metric spaces (2006) [11]. We also give
an example in support of our result.
Now in next section we give some previous known results on G- metric space.

PRELIMINARIES

Denote @ be the set of functions ¢ : [0,0) — [0, ) satisfying the following conditions,
i. ¢ is continuous and non decreasing,



003 Afr. J. Math. Math. Sci.

i. o) = 0ifandonlyift = 0,
iii. ¢(at) < a¢p(t)fora e (0,0), and
iv. Pt +s) < @) + ¢p(s)foralls, t € [0,00) .
Also, let W be the set of all functions
P : [0,00) x [0,00) — [0,0)
satisfying the condition lim,, . ¢, », ¥(t1,t;) > 0forall (r;,7;) € [0,00) X [0,00) withry + 1, > 0. For example
i. Y (ty,t,) = kmax{t,,t,} forsomek € [0,1),
i Y (ty,t) =atl +pt]fora,B,p,q > 0,and
ii. W (ty,t,) ===(t,+ t,) forsome k € [0,1).
Choudhury and Maity (2011) [6] gave the first result of coupled fixed point theory. They studied necessary and
sufficient conditions for the existence of coupled fixed point in partial ordered G- metric spaces and obtained the
following interesting result on G- metric space.
Theorem-13 [6] Let (X, <) be a partially ordered set such that X is a complete G- metric space and F: X X X - X
be a mapping having the mixed monotone property on X. Suppose that there exists k € [0,1) such that
G(F(x,y), F(w,v),F(w,2))
SS (G(x,u,w) + G(y,v,z)) (2.1)
for all x,y,z,u,v,w € X for which x> u>w and y < v < z, where either u#w or v # z. If there exists
Xo, Vo € X such that
Xo < F(x0,¥0), Yo = F(¥o, %)
and either
i. F is continuous or
ii. X has the following property:
a. if a non decreasing sequence {x,, } such thatx, — x then x,, < x for all n,
b. if a non increasing sequence {y, } such thaty, — ytheny, > yforalln,
then F has a coupled fixed point.
Aydi et al. (2011)[3] generalized this by using the altering distance function and proved the following coupled
common fixed point theorem on G- metric space.
Theorem-14 [3] Let (X, <) be a partially ordered set such that X is a complete G- metric space. Suppose that there
existp € dand F: X X X - X and g: X — X such that
G(F(x,y), F(w,v),F(w,2))
< ¢ (G(gx.gu,QW);r G(gy.gv.QZ)) (2.2)
for all x,y,z,u,v,w € Xfor whichx > u> w and y < v < z. Suppose also that F is continuous and has the

mixed monotone property. F(X X X) € g(X) and g is continuous and commutes with F. If there exists x,,y, € X
such that

gxo < F(xo,¥0) and gy, = F(yo,%o)
then F and g have a coupled coincidence point, that is, there exists (x,y) € X X X such that
gx = F(x,y) and gy = F(y,%).
Beside this by using basically concept, Luong and Thuan (2012) [10] presented the following coupled fixed point
theorem for nonlinear contractive type mappings having the mixed monotone property in partial ordered G- metric
spaces.
Theorem- 15 [10] Let (X, <) be a partially ordered set such that X is a complete G- metric space and F: X X X —
X be a mapping having the mixed monotone property on X. Suppose that there exists i) € ¥ such that

G(F(x, v), F(u,v), F(w, Z)) < w

-G, u,w),G(y,v,2)) (2.3)
for all x,y,z,u,v,w € X for which x> u>w and y < v < z, where either u# worv# z. If there exists
X0, Vo € X such that
xo < F(x0,%0) and yo = F(yo,%o)
and either
i. F is continuous or
. X has the following property:
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a. if a non decreasing sequence { x,, } such that x, — x then x,, < x for all n,

b. if a non increasing sequence {y, } such thaty, — ytheny, > yforall n,

then F has a coupled fixed point.

Nashine (2012) [16] introduced a new contractive condition for coupled fixed point theorem in G- metric space and
proved the following coupled fixed point result on G- metric spaces.

Theorem-16 [16] Let (X,G,<) be a partially ordered G-metric space. Let F: X X X - X and g: X - X be
mappings such that F has the mixed g-monotone property, and let there exist x,, y, € X such that gx, < F(x,¥,)

and F(yy,xo) < gyo. Suppose that there exists k € [0 ) such that for all x,y,u,v,w,z € X,

G(F(x ), F(u,v), F(w, z)) + G(F(y,x) F(v,u),F(z, w)) k [G(gx, gu,gw) + G(gy,gv,gz)]

Assume the following hypotheses:
i. F(X x X) < g(X),
ii. g(X) is G- complete,
iii. g is G-continuous and commutes with F.
then F and g have a coupled coincidence point, that is, there exists (x,y) € X x X such that
gx = F(x,y)and gy = F(y,x).
Karapniar et al. (2012) [7] generalized this result and proved the following common coupled fixed point theorem in
G- metric spaces.

Theorem-17 [7] Let (X,G,<) be a partially ordered G-metric space. Let F: X x X - X and g: X - X be
mappings such that F has the mixed g-monotone property, and let there exist x,, y, € X such that gx, < F(xy, o)
and F(yy,x) < gy, .- Suppose that there exists ke [0,1) such that for all ,yuv,wze X

G(F(x ), F(u,v), F(w, Z)) + G(F(y,x) F(v,u),F(z, w)) k [G(gx, gu, gw) + G(gy, gv, gz)]
while

i. F(X x X) € g(X),

ii. 9(X) is G- complete, and

iii. g is G-continuous and commutes with F.

then F and g have a coupled coincidence point, that is, there exists (x,y) € X x X such that
gx = F(x,y)and gy = F(y,x).
Wangkeeree and Bantaojai (2012) [18] proved the following common coupled fixed point theorems which is
generalization of Theorem- 13,
Theorem- 18 [18] Let (X, <) be a partially ordered set such that X is a complete G- metric space and F: X X X —
X and g: X — X be mappings having the mixed g-monotone property on X. Suppose that there exists ) € ¥ such
that
G(F(x,9), F(w,v), F(w,2)) < [G(gx, gu,gw) + G(gy,gv,g92)] — 2¢(G(gx, gu, gw), G(gy, gv, g2))
(2.6)
forall x,y,z,u,v,w € X with gx > gu> gw and gy < gv < gz. If there exists x,,y, € X such that
gxo < F(x0,¥0) and gyo = F(yo,%o)
where F: X x X € g(X), g is continuous and commutes with F, and either
i. F is continuous or
ii. X has the following property:
a. if a non decreasing sequence { x, } such that x, - x thenx, < x foralln,
b. if a non increasing sequence {y, } such thaty, — ytheny, > y foralln,
then F and g have a coupled coincidence point, that is, there exists (x,y) € X X X such that

g(x) = F(x,y)and g(y) = F(y,x).
COUPLED COINCIDENCE POINTS

The main result in this paper is the following coincidence point theorem which generalizes Theorems
[13,14,15,16,17,18]

Theorem-19 Let (X, <) be a partially ordered set such that X is a complete G- metric space and F: X x X — X and
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g:X — X be mappings having the mixed g-monotone property on X. Suppose that there exists ) € W and ¢ € @
such that

IA

My zuvw) < ¢ (FEEDIEPRIDY _ 9y (G(gx, gu, gw), G(9Y, 9v, 97)) (3.1)

2
where

M(x,y,z,u,v,w) = aG(F(x,y),F(u,v),F(w,z)) + bG(F(y,x),F(v,u),F(z,w))
for all a,b € (0,)and x,y,z,u,v,w € X for which gx > gu> gw and gy < gv < gz. If there exists x,,y, €
X such that
gxo < F(xo,50) and gy, = F(¥o,%,)
and where F: (X x X) € g(X), gis continuous and commutes with F, and either
i. F is continuous or
. X has the following property:
a. if a non decreasing sequence { x,, } such that x,, - x thenx,, < x foralln,
b. if a non increasing sequence {y, } such thaty, — ytheny, = yforalln,
then F and g have a coupled coincidence point, that is, there exists (x,y) € X x X such that
g(x) = F(x,y) and gy) = F(y,x).
Proof: Let x,y, € X satisfy gx, < F(x9,¥,) and gy, = F(yo,%x). Since F : (X X X) € g(X), we can choose
9x1, gy, € X such that gx; = F(xy,v,) and gy, = F(y,,%,). Again since F: (X x X) € g(X), we can choose
X5, ¥V, € X such that g(x,) = F(x;,y,) and gy, = F(y;,x;). Continuing this process, we can construct sequences
{xn }and {yn } in X such that g(xn+1) = F(xnvyn) and g(yn+1) = F(yn: xn)
vn=0. 3.2)
Next, we show that
90(x) < glxnyr) and g(vn) = g(Yne1) Y = 0.(3.3)
Since g(xy) < F(xo,v9) = g(x) and g(yo) < F(yo,x0) = g(y,), therefore, (3.3) holds for n = 0. Next, suppose
that (3.3) holds for some fixed n > 0, that is,
9(xn) < g(xnsa) and g(yn) 2 g(Vn+1) (3.4)
Since F is the mixed g-monotone property, from (3.4) and (1.3),imply that
F(xp,y) < F(xp41,y) and F(Yui1,%X) < F(Yp,x)
(3.5)
forall x,y € X . Consequently (3.4) and (1.4) refer that
F(y,xp) = F(y,xp41) and F(x,¥n41) = F(x,y,) (3.6)
forall x,y € X. If we substitute y = y, and x = x, in (3.5), then we obtain
I(Xns1) = Flopyn) < F(Xps1, Yn)
and
FOns1%n) < FOm ) = g(ns1) (3.7)
If we take y = y,,, and x = x,,, in (3.6) then

FWn+1:Xn) = Fners Xne1) = 9Wns2)
and

I(Xni2) = F(Xps1,Yne1) = F(nin, Yn) (3.8)
Now, from (3.7) and (3.8), we have

9ni1) < g(nsz) and g(Vns1) 2 g(Vne2).  (3.9)
By the mathematical induction, we conclude that (3.3) holds for all n > 0. Since

g < glxpe) and g(y) = g(ynyeq) foralln = 0, (3.1) implies that

G(gxngxXngxn-1)+ 6(gYngyn.gyn-1)
M (X, Xt Yo Y Ynea) < @ (PP Gnt SOOI — 24 (G (g, GXs GXn1)s G (GVr GVr V1))
(3.10)
where

M(xn' xnﬂxn—h}’nﬂanYn—l) = aG(F(xn: Yn): F(xn'Yn):F(xn—l' Yn—l)) + b G(F(Yn' xn):F(Yn'xn)'F(yn—ltxn—l))-
Setting
G(gXn+1, 9Xns1, gX) Y = 0

X
Wnt1
and

W1 = G(gVni1, GVns1, GY) Y = 0

in (3.10), we obtain
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awl, +bw) < ¢ (M)
-2y (w,wy). (3.11)
As Y(ty, t,) = 0forall (¢1,t,) € [0,00) X [0,0) we have
awl,, +bw) <awf +bw), vn=>0
Then the sequence { w¥ + w; }is decreasing. Therefore, there exists w > 0 such that
limn—mo (aWrJLC + bWrJl/) = limn—wo (aG(gxn+1: 9Xn+1s gxn) +b G(gyn+1' 9Yn+1 gyn))
or
limyo(awy + bw)) = (a+b)w (3.12)
Now, we show by contradiction that w = 0. Suppose that w > 0. From (3.12) the sequences
{G(gxn+1, 9%n+1,9%0) } @nd { G(gVn11, 9Yn+1, GVn) }
have convergent subsequences { G(gxn(jy+1, 9%n(jy+1, 9%n(iy) } ANA { G(gYn(j +1, 9Yn(i+1, 9Yn(i))} Tespectively.
Assume that
lim; L awyy = limj o, (G(gxnt1, 9Xn11, 9%0)) = awy
and
limj—»oob W-,jl,(j) = limj—>oo(G(gyn+1rgyn+1rgyn)) = bWZ
which gives that aw; + bw, = (a + b)w. From (3.11), we have

Wap +Wag
awyyp + bwfl’(j)Jrl < ¢ ( s . (’)) -
29 (w;;(j),w,{(j)). (3.13)

Then taking the limit as j — oo in the above inequality, we obtain
(@+bw < ¢ () = 20im; o ¥ (Wi w)y) < (@+b)w (3.14)
which is contradiction. Thus w = 0, that is

limy o (awd + bw)) = 0 (3.15)
Next, we show that { g(x,)} and { g(v,)} are G- Cauchy sequences. On the contrary, assume that at least one of
{glx)}or{g(,)} is not a G — Cauchy sequence. By Lemma — 5 there is an € > 0 for which we can find

subsequencs { g(xnw) } { 9(xma) } of {g(x)} and { g(¥na)} {9(mw)}  of {g(m)} with n(k) > m(k) = k
such that

G (g(xn(k))'g(xn(k))'g(xm(k))) tG (g(yn(k)),g()’n(k)),g(ym(k))) = e (3.16)
Further corresponding to m(k) we can choose n(k) in such a way that it is the smallest integer with n(k) >
m(k) = k and satisfies (3.16) Then

G (g(xn(k)—l)'g(xn(k)—l)'g(xm(k))) + G(9(%(1@—1):Q(Yn(k)q)'g(J’m(k))) <e (817
By Lemma -5, we have

G (g(xn(k))'g(xn(k))'g(xm(m)) =G (g(xn(k))'g(xn(k))'g(xn(k)—l)) tG (g(xn(k)—l)'g(xn(k)—l)'g(xm(k)))
(3.18)
and

G(g(}}n(k))'g(yn(k))'g(ym(k))) < G(g(Yn(k))'g()’n(k))uQ()’n(k)—l)) + G(g(yn(k)—l)'g(yn(k)—l)'g(Ym(k)))
(3.19)
from (3.16)—(3.19) we have

€= G (g(xn(k))'g(xn(k))'g (xm(k))) +G (g(yn(k)).g(yn(k)),g(ym(k))) =G (g(xn(k))'g (xn(k))'g(xn(k)—l)) +
G (9 (Yn00) 9 (). 9 (yn(k>—1))

t6 (g(xn(k)—m)'g(xn(k)—i)'g(xm(m)) t6 (g(yn(k))'g(yn(k))'g(ym(m))

< 6 (9(xn00): 9 (eng0), 9 (nio1) )

+ 6 (9(ma0) 9 Onw) 9 Omao-1)) + €
Then letting k — o in the above inequality and using (3.15), we have
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limy 0 [G (g(xn(k))'g(xn(k))vg(xm(k))) +G (g(yn(k))’g(yn(k)):g(ym(k)))] = €. (3.20)
By Lemma-7 and Lemma -8, we have

aG (9 (xtn00) 9(%nr), 9 (xm(k.))) < aG (9 (*n00) 9 (%), 9 (xn(k)+1)) taG (g (*ngo+1) 9 (Xnr+1), 9 (xm(k))) <
2aG (g(xn(k)+1)'g(xn(k)+1)'g(xn(k))) + a6 (g(xn(k)+1)'g(xn(k)+1)'g(xm(k)+1))

tatG (g(xm(k)+1)'g(xm(k)+1)'g(xm(k)))
(3.21)
and

b6 (9(700):90mw) 9mw)) < b6 (9(ma) 9n00) 9 (Gmaos))

+bG (g(ym(k)+1)'g()’m(k)+1)'g(ym(k))) (3.22)
It follows from (3.21) and (3.22) that is

aG (g(xn(k))'g (xn(k))'g(xm(k))) tbG (g (i) 9 (yn(k)),g(ym(k)))
< 2({awigoar + bWygoa) + ({awnaoe + bW + G (g(xn(k)+1),g(xn(k)+1),g(xm(k)+1)) +

G(g(yn(k)+1)'g(yn(k)+1)vg(ym(k)+1)) (3.23)
Since n(k) = m(k), we get

I(*n0) = 9(xma) and g(Yag) < 9Vmw)
also from (3.1)

aG (g(xn(k)+1)'g(xn(k)+1)'g(xm(k)+1)) +bG (g(yn(k)+1)'g(yn(k)+1)tg(ym(k)+1))
=aG (F (nciy Yn0)» F (naoys Ynao ) F (emao ym(k)))

tbG (F (Vw0 %n00) F (Y00 X)) F (Ymes xm(k)))
o (G(9(xn(k))rg(xn(k))lg(xm(k)))*‘ G(g(Yn(k))vg(Yn(k))vg(ym(k)))>

<

2

Y (a (g(xnoc))'9(xn<k>)'9(xm<k>))’) (3.24)

G (9 (n) 9(naio), 9 (J’m(k)))
In view of (3.23) and (3.24), we have

2({ a Wr)f(k)+1 +b Wff(km}) + ({ aAWpoer + b WrJr/l(k)+1})
zat (g(xn(k))'g (*nc0)- 9 (xm<k)))
+b 6 (9(n0) IOn0) IOma)) = @6 (9(nue1) 9 (nare1), 9 (Xmao + 1))
-bG (g(yn(k)+1)'g(yn(k)+1)rg(ym(k)+1))
2aG (9 (na0) 9(xnc), 9 (xm(k)))

+bG (g(yn(k)). g(Yn(k))' g()’m(k)))

6(9(tn10)9 (n10)9 (ma) )+ 6(9 Ym0 9 Vni) 9 Vmo))
2

2 (G (g(xn(k)),g(xn(k)),g(xm(k))) )

G (g na) 9 (nao). 9 (J’m(k)))
(3.25)

_¢<
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This implies that
2({ a W:l{(k)+1 +b Wg(k)+1}) + ({ a W;rcl(k)+1 +b W:l(k)+1})

. G (9 (nt0), 9(Xni0), 9 (xm<k>))'
- <G (g(ynuc)),g(ynw))'g(ym(k)))) o

From (3.20), the sequences {G (g(xn(k)),g(xn(k)),g(xm(k)))} and G (g(yn(k)),g(yn(k)),g(ym(k))) have
subsequences converging to say €; and ¢, respectively, and e; + ¢, = € > 0. By passing to subsequences, we
may assume that

limy 00 G (g(xn(k))'g(xn(k))vg(xm(k))) = € and limy_ .G (g(yn(k))!g(yn(k))’g(ym(k))) = € Taking k — oo in
(3.25) and using (3.26), we have

2({ aWpyer + b erli(k)+1})
+ ({ a Wr)fl(k)+1 +b W1)T]l(k)+1})

G (9Cena)» 9 (n), 9 ("m(")))’> > 0

G (g(yn(k))'g(yn(k)):g(ym(k)))
which is a contradiction. Therefore { g(x,)} and { g(y,)} are G — Cauchy sequences. By G — completeness of X,
there exists x,y € X such that

lim, ,0og(xy,) = xand lim, .g() =y
(3.27)
This together with the continuity of g implies that

lim, ,0g(9(xn)) = g(x)
and

limy e g(gOm)) = 9) (3.28)
Now suppose that the assumption (i) holds. From (3.2) and the commutativity of F and g, we have g(x) =

limnewg(g(xrwl)) = limn—mog(F(xntyn)) = limnewF(g(xn):g(yn)) F(lim(neoo)g(xn):lim(n—»OO)g(yn)) = F(x'}/)
Similarly, we have

gy = limn—wog(g(yn+1)) = limn—wog(F(yn:xn)) = limn—woF(g(yn)'g(xn))

F(lim g -c)g )y iMn so0)g ) = F(0,%)

Hence, (x,y) is coupled coincidence point of F and g.

Finally suppose that assumption (ii) holds. Since { g(x,)}is non decreasing satisfying g(x,,) = x and { g(y,)} is
non increasing satisfying g(y,) — y, we have

9(9(x)) < g(x) and g(gm)) = g(»),¥n = 0.
Using the rectangle inequality and (3.1) we get

aG(F(x,y),9(x),9(x) + bG(Fy,x), 90, 90)) <

a6 (Fe),9 (90, 9(90n10))) + @ 6(g (9Cinsn). 9(9). 9)
+b6F,),9 (90n1) 9(90mi1)) + b 6(g (90mi) 9(93)). 9O))
= ¢ G(F(6), g (FCryn), 9(FOn 1)) + @ G(g (9(tnsn) 9(9()), 9())

+b GF®, 0,9 (FOm %), g(FOm %)) + b G(g(90men) 9(9)),9))
<4 (G(g(X),g(g(xn),g(g(xn)))+6(y(y).y(g(yn).y(g(m)))))

0= limk_,oo [

> limy_, 29 <

2

9,9 (96w, 9(9Gn))),
-y |G
G (g(y).g (90w, g(g(yn)))>

+ 69 (9(tsn), 9(90), 9()) + 6(g (9One1) 9(9)). 97) <0
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Letting n — oo in the above inequality, we obtain that

GF(x,y),9(x),g(x)) + G(F(y,x),9(),9(»y)) =0

which gives that G(F(x,y),g(x),g(x)) = G(F(y,x),g(y),g(y)) = 0, that is F(x,y) = g(x) and F(y,x) = g().
Therefore, (x,y) is a coupled coincidence point of F and g. The proof of the theorem is complete.

Corollary-20 Let (X, <) be a partially ordered set such that X is a complete G- metric spaceand F: X x X - X be
a mapping having the mixed monotone property on X. Suppose that there exists ¢ € Wand ¢ € & such that

M(x,y,z,u,v,w) < ¢ (w) - th(G e, u,w),G(y, v, z)) (3.29)
where

M(x,y,z,u,v,w) = a G(F(x, y), F(u,v), F(w, z)) + b G(F(y, x),F(v,u),F(z, w))

forall a,b € (0,0)and x,y,z,u,v,w € X for whichx> u>w and y < v < z. If there exists x,,y, € X such
that

xg < F(x0,¥0) and yo = F(yo,%o)

and either

i. F is continuous or

i. X has the following property:

a. if a non decreasing sequence { x,} such that x, — x then x,, < x for all n,

b. if a non increasing sequence { y,} such thaty, — ytheny, = y forall n,

then F has a coupled fixed pointin X, thatis, x = F(x,y)andy = F(y,x).

Proof : Setting g(x) = x in Theorem-19, then the result follows.

Theorem-21 Let (X, <) be a partially ordered set such that X is a complete G- metric space and F: X X X — X and
g:X — X be mappings having the mixed g-monotone property on X. Suppose that there exists iy € W such that

M(x,y,z,u,v,w) < G(gx’gu'gw);rg(gy'gv'gz) — 2y(G(gx, gu, gw),G(gy, gv, gz)) (3.30)
where

M(x,y,z,u,v,w) = a G(F(x, ), F(u,v), F(w, Z)) +b G(F(y, x), F(v,u),F(z, w))

forall a,b € (0,00)and x,y,z,u,v,w € X for which gx > gu> gw and gy < gv < gz. If there exists x,,y, €
X such that

gxo < F(xo,¥0) and gy, = F(yo,x0)
and suppose F : (X x X) € g(X), gis continuous and commutes with F, and also suppose either
i. F is continuous or
. X has the following property:
a. if a non decreasing sequence { x,} such that x,, — x then x,, < x for all n,
b. if a non increasing sequence {y,} such thaty, — ytheny, = y foralln,
then F and g have a coupled coincidence point, that is, there exists (x,y) € X x X such that

g(x) = F(x,y)and g(y) = F(y,x).
Proof: It is sufficient if we take ¢ (t) = tin Theorem -19 then the result follows.
Theorem-22 Let (X, <) be a partially ordered set such that X is a complete G- metric space and F: X X X — X and
g:X — X be mappings having the mixed g-monotone property on X. Suppose that there exists i € W and ¢ € ®
such that
M(x,y,z,u,v,w) < ¢ ((G(gx'gu'gw);G(gy'gv'gz))) — 2y (max { G(gx, gu, gw),G(gy,gv,gz)}) (3.31)
where
M(x,y,z,u,v,w) = a G(F(x, y), F(u,v), F(w, z)) + b G(F(y, x),F(v,u),F(z, w))
forall a,b € (0,0)and x,y,zu,v,w € X for which gx > gu> gw and gy < gv < gz. If there exists x,,y, €
X such that

gxo < F(xo,¥0) and gy, = F(yo, %)
and suppose F : (X x X) € g(X), g is continuous and commutes with F, and also suppose either
i. F is continuous or
ii. X has the following property:
a. if a non decreasing sequence { x,} such that x,, —» xthen x,, < x for all n,
b. if a non increasing sequence { y,} such thaty, — ytheny, = y foralln,




Gupta 010

then F and g have a coupled coincidence point, that is, there exists (x,y) € X x X such that
g(x) = F(x,y) and g(y) = F(y,x).
Proof: Itis sufficient if we take ¥ (¢t,t,) = max {t, t,} in Theorem-19, we get the above result.
Theorem- 23 Let (X, <) be a partially ordered set such that X is a complete G- metric space and F: X X X —
X and g: X — X be mappings having the mixed g-monotone property on X. Suppose that there exists € ¥ and
¢ € @ such that
M(x,y,z,u,v,w) < ¢ (G(gx'gu'gw): G(gy'gv’gz)) — 211)(G(gx, gu, gw),G(gy,gv,gz)) (3.32)
where
M(x,y,z,u,v,w) = aG(F(x,y), F(u,v),F(w,z)) + b G(F(y,x),F(v,u),F(z,w))
forall a,b € (0,0)and x,y,z,u,v,w € X for which gx > gu > gw and gy < gv < gz. If there exists x,,y, €
X such that
gxo < F(x0,¥0) and gy, = F(¥o,%0)
and suppose F : (X x X) € g(X), g is continuous and commutes with F, and also suppose either
i. F is continuous or
i. X has the following property:
a. if a non decreasing sequence { x,} such that x, — xthen x, < x for all n,
b. if a non increasing sequence { y,} such thaty, — ytheny, > y for all n,
then F and g have a coupled coincidence point, that is, there exists (x,y) € X x X such that
g(x) = F(x,y)and g(y) = F(y,x).
Proof: In Theorem — 19, taking ¥ (t;,t,) = ¥ (¢, + t,) for all (¢t5,t,) € [0,00)? we get the desired results.
Theorem-24 In addition to the hypothesis of Theorem — 19, suppose that for all (x,y), (x*,y*) € X X X, there
exists (u,v) € X x X such that (F(w,v),F(v,u)) is comparable with (F(x,y),F(y,x)) and (F(x*,y*),F(y",x").
Then F and g have a unigue coupled common fixed point.
Proof: From Theorem- 19, the set of coupled coincidence is non empty. Assume that (x,y) and (x*,y*) are
coupled coincidence points of F and g. We shall show that
g(x) = gx) and g(y) = g(y") (3.33)
By assumption, there exists (x,v) € X x X such that (F(u,v),F(v,u)) is comparable with (F(x,y),F(y,x)) and
(F(x*,y*),F(y*,x")). Putting uy = u,v, = v and choosing u,,v; € X such that
g(uy) = F(ug,vo) and g(v;) = F(vy,up).
Then, similarly as in the proof of Theorem — 19, we can inductively define sequences { g(u,,)} and { g(v,)} in X by
IUny1) = F(up,vp) and g(vpy1) = F(vn, uyn),

vn=0

Since (F(x",y*),F(y*,x%) = (g(x"),g(y*)) and (F(w,v),F(v,u)) = (g(uy),g(v,)) are comparable, so without
loss of generality, we may assume that

(Fy), Fyox) = (9(x),g0)) < Fwv), Fv,w) = (g(uy), gv))

and

Fy),Fp,x) = (9(x),90)) < Fwv),Flr,w) = (9(u), gv1))

This means that

9(x*) < g(uy) and g(y*) = g(vy1)

and

g(x) < g(wy) and g(y) = g(vy)

Using the fact that F is a mixed g-monotone mapping, we can inductively show that
glx*) < gluy) and g(y*) = glv,),vn=1

and

g(x) < g(uy) and g(y) = g(v,),vn= 1

Thus from (3.1), we get

aG(g(u(n+1)),9(x),9(x)) + bG(g(w_(n+1)),9(»),9(¥))

= aG(F (un, vn), F(x, ), F(x,)) + bG(F (v, un), F(y,%), F(y,%))

< & (G(g(un),g(x),g(x))+ G(g(vn).g(y).g(y)))
- 2
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—29 (6(g9(un), 90, g(0)) + 6(9(a), 930, 9))) (3.34)

which implies that

a G(g@ns1), 9(0), 9(x)) + bG(g(Wns1), 93, g®)) < aG(gwy), g9(x),g(x)) + bG(g(vy), 9, 9())
that is the sequences { G(g(u,),g(x),g(x)) + G(g(v,),9(y),g(»))}is decreasing. Therefore there exists § > 0
such that
limp o0 [ G(g(un), g(0), g(0)) + G(g(w_(m)), (1), 9] =6
We shall show that § = 0 suppose to the contrary that & > 0 .Therefore, G(g(u,),g(x),g(x)) and
G(g9(vn), g, g(¥)) have subsequences converging to &y, 8, respectively, with
8 +68, =5 >0
Taking the limit up to subsequences as n — o in (3.34) we have

G(g(un),g(x),g(x)),>

§<6 — 2lim, o,
= i~ ¥ <G(g(vn),g(y),g(y))

<6
which is a contradiction. Thus 6 = 0, that is
limy, oo (G(9(u), (), 9()) + G(g(va), 93, 9())) = 0
which implies that

limp, 4G (g (), g(x), (X)) = limy oo G(g(1), g(), 9(») = 0 (3.35)
Similarly, one can show that

lime )G (g(un), g(x*), 9(x*)) = lim, o, G(g(v,), 9(¥y*),g(¥y*)) = 0 (3.36)

Therefore, from (3.35), (3.36) and the unigueness of the limit, we get g(x) = g(x*) and (y) = g(¥*) . So (3.33)
holds. Since g(x) = F(x,y) and g(y) = F(y,x), by commutativity of F and g we have

g(g®) = g(F(x,») = F(g(x),g(»)) and g(g») = g(F¥.x) = F(g(),g(x))

(3.37)
Denote g(x) = zand g(y) = w, then by (3.37) we get
g(2) = F(zw)and g(w) = F(w,z) (3.38)
Thus (z,w) is a coincidence point. Then form (3.33) with x* = zandy* = w, we have gx) = g(z) and g(y) =
gw), that is g(z) = z and g(w) = w. (3.39)
From (3.38) and (3.39) we get
g(2) = F(zyw) = zandg(w) = F(w,2) = w (3.40)

Then (z,w) is a coupled common fixed point of F and . To prove the uniqueness, assume that (p, q) is another
coupled fixed point. Then by (3.33) we have

g9(z) = g(p) = zand gw) = g(q) = q (3.41)

This complete the proof of the Theorem.

Remark- 25

Some special cases of Theorem 19 yields existing results as detailed delow,

In Theorem — 19, if we take following conditions then we get existing results:

i. If we take a =1, b = 0,¢(t) = kt,where k € (0,1) g = I (identity mapping) and y(t;,t;) = 0
then we get the result of Choudhury and Maity (2011)[6].

i. Ifwetake a = 1, b = 0and y(t,,t;) = 0then we get the result of Aydi et al.(2011) [3].

iil. If we take a =1, b = 1,¢(t) = 2kt for k€ [0%) and (ty,t,) = 0 then we get the result of
Nashine (2012)[16].

iv. If we take a =1, b = 1,¢(t) = 2kt for ke€[0,1) and Y(t,;,t,) = 0 then we get the result of
Karapinar et al. (2012) [7].
V. Ifwetake a = 1, b = 0, ¢(t) = 2t then we get the result of Wangkeeree and Bantaojai (2012)[18].

11
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Vi. If we takea = 1,b = 0,g = Iy (identity mapping) ¢(t) = t then we get the result of Luong and
Thuan (2012)[10].

Example-26 Let X = R.Define G: X X X x X — [0,00) by
G,y,z)=lx—yl+ly—2zl|l+|z— x|

F(x,y) = 2x — 3y, g(x) = x
also a = 2,b = 2,¢ (t) = 6tand Y(t,,t,) = %. Then (3.1) indicates that (0,0,0) is a fixed point.
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